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Abstract 

The purpose of this paper is to give basic tools for the classification of nonsingular 
toric Fano varieties by means of the notions of primitive collections and primitive 
relations due to Batyrev. By using them we can easily deal with equivariant blow-ups 
and blow-downs, and get an easy criterion to determine whether a given nonsingular 
toric variety is a Fano variety or not. As applications of these results, we get a 
toric version of a theorem of Mori, and can classify, in principle, all nonsingular 
toric Fano varieties obtained from a given nonsingular toric Fano variety by finite 
successions of equivariant blow-ups and blow-downs through nonsingular toric Fano 
varieties. Especially, we get a new method for the classification of nonsingular toric 
Fano varieties of dimension at most four. These methods are extended to the case 
of Gorenstein toric Fano varieties endowed with natural resolutions of singularities. 
Especially, we easily get a new method for the classification of Gorenstein toric Fano 
surfaces. 



1 Introduction 

A Gorenstein toric Fano variety is a complete toric variety X with at most Gorenstein 
singularities such that the anticanonical divisor —Kx is ample. Gorenstein toric Fano 
varieties are very important as ambient spaces of Calabi-Yau varieties, and Batyrev 0] 
systematically constructed examples of mirror symmetric pairs of Calabi-Yau varieties as 
hypersurfaces in Gorenstein toric Fano varieties. The set of isomorphism classes of Goren- 
stein toric Fano rf-folds is a finite set for any dimension d (see Batyrev 0). Nonsingular 
toric Fano cZ-folds are classified for d < A and Gorenstein toric Fano (i-folds are classi- 



fied for d < 3 (see Batyrev ^ and Watanabe-Watanabe [jTSl in the nonsingular cases 



and Koelman 0, Kreuzer-Skarke |]TOl and [0 in the Gorenstein cases). In this paper 



we consider the classification of higher-dimensional nonsingular or Gorenstein toric Fano 
varieties using the notions of primitive collections and primitive relations introduced by 
Batyrev [Q. First we consider the nonsingular case. 
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Definition 1.1 Let JF^ be the set of isomorphism classes of toric Fano c?- folds. Xi and 
X2 in J^d are said to be F-equivalent if there exists a sequence of equivariant blow-ups 
and blow-downs from Xi to X2 through nonsingular toric Fano d-folds, namely there exist 
nonsingular toric Fano rf-folds Yq = Xi,Yi, . . . ,¥21 = X2 together with finite successions 
Yj — i> Yj^i and Yj ^+1, for each odd 1 < j < 2/ — 1, of equivariant blow-ups through 
nonsingular toric Fano c?- folds. We denote the relation by Xi ~ X2. Then "~" is obviously 
an equivalence relation. 



Remark 1.2 For equivariant birational maps of complete nonsingular toric varieties which 
need not be Fano varieties, related factorization conjectures have been proposed by Oda 
\L^ . The weak version analogous to the factorization in Definition [1.1| was proved by 



Wlodarczyk |jT9[ and Morelli , while the strong version was proved by Morelli [jT2| and 



later supplemented by Abramovich-Matsuki-Rashid 

As we see in this paper, if we get a complete system of representatives for (JF, ~), then 
we get the classification of nonsingular toric Fano d-folds. The following conjecture for 
nonsingular toric Fano (i-folds holds for (i < 4 as a consequence of the known classification. 

Conjecture 1.3 Any nonsingular toric Fano d-fold is either pseudo-symmetric or F- 
equivalent to the d-dimensional projective space P"^. 

In this paper, we prove this conjecture for (i = 3 and d = A without using the classifi- 
cation. As a result, we get a new method for the classification of nonsingular toric Fano 
3-folds and 4-folds. Using this method for the classification, we can show that there exist 
124 nonsingular toric Fano 4-folds up to isomorphism. 

On the other hand, Gorenstein toric Fano rf-folds are related to nonsingular toric weak 
Fano (i-folds, where a nonsingular toric weak Fano variety is a nonsingular projective toric 
variety X such that the anticanonical divisor —Kx is nef and big, and the methods for 
nonsingular toric Fano (i-folds are extended to the case of nonsingular weak toric Fano 
(i-folds. As a result, we get a new method for the classification of Gorenstein toric Fano 
surfaces. 

The content of this paper is as follows: In Section |^, we study basic concepts on toric 
Fano varieties, and recall the correspondence between Gorenstein toric Fano varieties and 
reflexive polytopes. In Sections ^ and ^, we introduce primitive collections and primitive 
relations. We can characterize toric Fano varieties using them, and calculate them before 
and after an equivariant blow-up. Moreover, we have a criterion for the possibility of an 
equivariant blow-down in terms of primitive collections and primitive relations. In Section 
we give a new nonsingular toric Fano 4-fold which is missing in the classification of 
Batyrev . In Section |, we give a toric version of a theorem of Mori as an application of 
Sections ^ and |[ In Section |], we give a procedure for the classification which says that 
we have only to get a complete system of representatives for the F-equivalence relation 
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for the set of isomorphism classes of nonsingular toric Fano ci-folds. We also study a 
correspondence between toric weak Fano varieties and Gorenstein toric Fano varieties. 
Especially, we get a new method for the classification of Gorenstein toric Fano surfaces. 
In Sections ^ and H, we prove Conjecture ioi d = 3 and d = 4. In Section ||, as an 
application of Sections ^ and ^, we describe all the equivariant blow-up relations among 
nonsingular toric Fano 4- folds using the classification of Batyrev 

The author wishes to thank Professors Tadao Oda, Yasuhiro Nakagawa and Takeshi 
Kajiwara for their advice and encouragement. 



2 Reflexive polytopes 

In this section, we recall some basic notation and facts about toric Fano varieties (see 
Batyrev 0, Fulton [0, and Oda [|13] for more details). The following notation is used 



throughout this paper. 

Let be a free abelian group of rank d and M := Homz(iV, Z) the dual group. The 
natural pairing ( , ) : M x — >• Z is extended to a bilinear form ( , ) : Mr x iVp. R 
where Mr := M (g)z R, A^'r := N <^z R- 

For a finite complete fan S in iV and < i < d, we put := {a G S | dimo" = i}. 
Each r G S(l) determines a unique element e(r) G which generates the semigroup 
tHN. We put 

G(S) := {e(r) G AT I r G S(l)} 
and G(o-) := a n G(S) for a G S. 

Definition 2.1 (Batyrev [§]) A d-dimensional convex lattice polytope A C A^r is called 
a reflexive polytope if the origin is in the interior of A and the polar 

A* := G Mr I {y,x) > -1, Vx G A} C Mr 

is also a convex lattice polytope. 

For a (i-dimensional convex polytope A C A^r and < i < d — 1, we denote by A{i) 
the set of i-dimensional faces of A. 

Let A C A^R be a convex lattice polytope such that is in the interior of A. For any 
i-dimensional face 6 G A {0 < i < d — 1), let 

a{6) := {rx G A^R I r G R>o, x E 6} . 

Then a{6) is an (i + l)-dimensional strongly convex rational polyhedral cone in A^r. More- 
over 

S(A) := {a{5) I 5 G A(i) (0 < i < - 1)} U {0} 
is a finite complete fan in A^. 
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Proposition 2.2 (Batyrev [^) //Ac A^r is a reflexive polytope, then T/vemb(S(A)) 
is a Gorenstein toric Fano variety. Conversely, if Tj is a finite complete fan in N such 
that Tjvemb(S) is a Gorenstein toric Fano variety, then Conv(G(S)) C A^r is a reflex- 
ive polytope, where Conv(G(S)) is the convex hull of G(S) C A^r. Moreover, any two 
Gorenstein toric Fano varieties T/vemb(S(Ai)) and TAremb(S(A2)) corresponding to two 
reflexive polytopes Ai C A^r and A2 C A^r are isomorphic if and only if Ai and A2 are 
equivalent up to unimodular transformation of the lattice N . 

Remark 2.3 A reflexive polytope A is called a Fano polytope if S(A) is nonsingular. 

3 Primitive collections and primitive relations 

Primitive collections and primitive relations, introduced by Batyrev 0], are very con- 
venient in describing higher- dimensional fans. So in this section, we recall these concepts 
and characterize toric Fano varieties using them. 

Definition 3.1 Let S be a finite complete simpliciaHan in A^. A nonempty subset P C 
G(S) is a primitive collection of S, if Cone(P) ^ S, while Cone (P \ {x}) G S for every 
x E P, where Cone(5') := J2xes^>oX for any subset S C A^r. 
We denote by PC(S) the set of primitive collections of S. 

Remark 3.2 By definition, for any subset S C G(S) which does not generate a cone in 
S, there exists a primitive collection P G PC(S) such that P <Z S. 



Definition 3.3 Let Si and S2 be finite complete simplicial fans in A^. Then PC(Si) and 
PC(S2) are isomorphic if there exists a bijective map ip : G(Si) G{^2) which induces 
a well-defined bijective map 

if, : PC(Ei) 9 P ^ ip{P) G PC(S2). 



By Definitions 3.1 and 3.3, we immediately get the following: 



Proposition 3.4 Let Si and S2 be finite complete simplicial fans in N. Then Si and S2 
are combinatorially equivalent if and only ^/PC(Sl) and PC(S2) are isomorphic, where 
Si and S2 are combinatorially equivalent if there exists a bijective map 



ij : G(Si 



G(S2 



such that for any nonempty subset S C G(Si), we have Cone(S') G Si if and only if 
Cone(^(5)) G S2. 
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In the nonsingular case, we have the following additional information: 

Definition 3.5 Let S be a finite complete nonsingular fan in and P = {xi, . . . ,xi} G 
PC(S). Then there is a unique element (t{P) G S such that 

Xi-\ h G Relint(a(P)), 

where Rehnt(S') is the relative interior of S for any subset S C N^. Hence we get a linear 
relation 

Xi-\ hxi = aiyi H h a™?/™ (oi, . . . , G Z>o), 

where G(o"(-P)) = {vi, ■ ■ ■ ,ym}- We call this relation the primitive relation for P. 
The integer deg P := / — (ai + ■ ■ ■ + a^) is called the degree of P. 



By this definition and Proposition |3.4|, we get the following characterization of isomor- 



phism classes of complete nonsingular toric varieties. 

Proposition 3.6 Let Si and S2 he finite complete nonsingular fans in N . Then the 
complete nonsingular toric varieties Tjvemb(Si) and TAremb(E2) are isomorphic if and 
only if there exists an isomorphism from PC{Ili) to PC(S2) which preserves their primitive 
relations. 

Let S be a finite complete nonsingular fan in and X := T/vemb(S). Then for any 
P G PC(S), we can define an element r(P) G Ai{X) in the following way, where Ai{X) 
is the Z-module of algebraic 1-cycles modulo numerical equivalence. 

Proposition 3.7 (e.g., Fulton []^, Oda ||13|| ) Let be a finite complete nonsingular 
fan in N and X := TAremb(S). Then we have an exact sequence of Z-modules 

— ^ M ^ Z«(^) ^ Pic(X) ^ (exact). 

By the exact sequence in Proposition |3.7|, we have Pic(X) = Zi'^^^^M and hence 



Ai{X) = Homz(Pic(X), Z) = }lomz{Z^^^^ / M , Z) = C HomzlZ^^^^, Z). 
Consequently, we have 



Ai{X) = \ (a,),6G(2) e Homz(ZG(^),Z) 



J2 a^x = o\ . 

a;eG(E) 



Let P = {xi, ...,xi} e PC(S) and let 

Xi-\ \-xi = aiui H h amUm 

be the primitive relation for P. Then we get a linear relation 

Xl^ Vxi- (ai?/i H h amym) = 0. 
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Thus we can define r(P) = {r{P)x)x<^G{T:) ^ by 

f 1 a x = Xi {l<i<l) 
r{P)x := < -ttj if X = yj (1 < j < m) 
[ otlierwise. 

On tlie otlier liand, for any wall r G — 1), there is a linear relation 

bizi H h + bdZd + bd+iZd+i = (&i, . . . , G Z, 6^ = 6^+1 = 1), 

where G(t) = {zi, . . . ,Zii-i}, while Cone(G(T) U {zd}) and Cone(G(T) U {zd+i}) are the 
(i-dimensional strongly convex rational polyhedral cones in S which contain r as a face. 
We define v{t) = (f (r)^)^gG(s) e Ai{X) by 



bi if X = (1 < z < (i+ 1' 
otherwise. 



v{t)x := 

Concerning this definition, the following is very useful 



Theorem 3.8 (Batyrev [Q, []5[], Reid [ p.6|| ) LetH be a finite complete nonsingular fan 
in N and X = r/vemb(S). Then we have 

NE(X)= ^>ov{r)= E R>or(P) 

res(d-i) PePC(S) 

where NE(X) C Ai{X) ®z R- ^-s the Mori cone of effective 1-cycles. 
The following theorem is the toric Nakai criterion. 



Theorem 3.9 (Oda ||13|| , Oda-Park ||15|| ) Let he a finite complete nonsingular fan 
in N and X := Tjvemb(S). Then a Tn -invariant divisor D G TjvDiv(X) is ample if and 
only if 

(L'.orb(r)) > for all t eT.{d- 1). 

By Theorems O and O, we can characterize nonsingular toric Fano varieties in terms 
of primitive collections. 

Theorem 3.10 (Batyrev [^]) Let S he a finite complete nonsingular fan in N and X := 
T/vemb(S). Then X is a nonsingular toric Fano variety {resp. —Kx is a nef divisor) if 
and only if 

degP > {resp. degP > 0) for all P G PC(S). 

Proof. !,...,!) G Z*-'^^) corresponds to the anticanonical divisor of X. So for 
P G PC(S), 

{-Kx.r{P)) = degP 

Hence by Theorems p]^ and p]9|, we are done. q.e.d. 
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4 Equi variant blow-ups and blow- downs 



Let S be a finite complete simplicial fan in A^. In this section, we investigate how 
the set PC(S) of primitive collections change by star subdivisions. Especially we can deal 
with equivariant blow-ups and blow-downs of nonsingular complete toric varieties in terms 
of the primitive collections and primitive relations. 

Definition 4.1 Let S be a finite complete simplicial fan in and a G S with dim a = 
^ 2 < I < d. For X G (Relint((T)) fl with x primitive in A^, we define the star subdivision 
of S along {a, x) in the following way. 

First, we define the strongly convex rational polyhedral cones cxj (1 < i < /) by 

CTi := Cone ({xi, . . . , Xi-i,x, Xi+i, . . . , xi}) {1 < i < I) 

where G(o") = {xi, . . . , xi}. Then for r G S such that a -< r, we can write r uniquely as 

T = (t + t' with r' G S, cr n r = {0}. 

In this notation, we have a finite complete simplicial fan E^^ in A^ defined by 

E^^^^.) := (E \ {r G E | a ^ r}) U {the faces of (Xi + r' | r G E, a ^ r, 1 < i < 1} . 

We call ^lo;x) ^^^^ subdivision of E along (cr, x). 

Remark 4.2 (Fulton []^, Oda ||13|| ) In Definition ^TT], if E is nonsingular and x = xi + 
■ ■ ■ + Xi, then the equivariant proper birational morphism TAremb(E(^,j,)) TAremb(E) 
corresponding to this star subdivision is the equivariant blow-up along orb(cr). 

The following is one of the main theorems of this paper. 

Theorem 4.3 Let T, be a finite complete simplicial fan in N, a ^ T, and x a primitive 
element in (Relint(o")) fl A^. Then the primitive collections o/E*^^-) are 

(1) G(a), 

(2) P G PC(E) such that G(ct) ^ P and 

(3) the minimal elements in the set {{P \ G(o-)) U {x} \ P e PC(E), P n G(o-) 7^ 0}. 

To prove this theorem, we need the following three lemmas. 

Lemma 4.4 Let H be a finite complete simplicial fan in N , a E and x a primitive 

element in (Relint((T)) fl A^. For any t* G E*^^-), if x G r* then there exists r' G E 

such that t' n a = {0} and r* -< a-i + r' G ^lax) /^^ some i with 1 < i < I. Moreover, 
aj + r' G ^la-x) f^''^ j (1 < j < 0; where I = dimcr. 
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The proof is trivial by Definition 



Lemma 4.5 Let be a finite complete simplicial fan in N , a E Yl and x a primitive 
element m (Relint((j)) H A^. Then P* G PC (s^^^^,)) and x e P* imply G(cr) n P* = 0. 

Proof. Let P* E PC(S? x E P* and suppose G(fT) n P* ^ 0. Then P* \ G((t) 



generates a cone in S containing x. So by Lemma |4.4| , there exists r' G S such that 

P* \ Gicr) C G(a, + r') (1 < 3« < /), a H r' = {0}, a + r' G S. 

Since (P* \ G(o")) \ {x} C G(t'), we have an index j (1 < j < /) such that 

P*CG(a,+r'), a,+r'GS^,,,), 

which contradicts the assumption. q.e.d. 

Lemma 4.6 Let T, be a finite complete simplicial fan in N, a E and x a primitive 
element in (Rehnt(cr)) fl A^. Then for any P* E PC(S^^^^) which contains x, there exists 
P E PC(S) such that 

(P\G((t))U{x} = P*. 

Proof. Let P* E PC(S*^,j.)), x E P* and suppose G(o") U (P* \ {x}) generates a 
strongly convex rational polyhedral cone in S. Then there exists r' G S such that 

Cone (G(a) U (P* \ {x})) = a + t' , aHr' = {0}. 

Since G(o-) n P* = by Lemma O, we have P* C G(o-i + r') for alH (1 < i < /). This 



contradicts P* G PC(S*^^.-)). Therefore G(o") U (P* \ {x}) contains a primitive collection 
of E. 

Let P C G(fT) U (P* \ {x}) , P G PC(S). For any y E P* \ {x}, P* \ {y} generates a 
strongly convex rational polyhedral cone in ^^^x) which contains x. Therefore by Lemma 



L4\ , there exists r' G S such that 

P* \ {y} C G{cT, + t') {l<3i<l), anr' = {0}. 



Then P* \ {x, y} C G(t') because G(cr) fl P* = by Lemma ^I5| . So we have 



Cone (G(fT) U (P* \ {x, y})) = a + Cone(P* \ {x, y}) ^ + r' G S 

and consequently G(o") U (P* \ {x, y}) generates a strongly convex rational polyhedral cone 
in E. 

On the other hand, suppose P* \ {x} ^ P. Then there exists y E P* \ {x} such that 
P C G((t) U (P* \ {x,y}). This contradicts P G PC(S). Therefore P* \ {x} C P, hence 
clearly (P \ G(cr)) U {x} = P*. q.e.d. 
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We are now ready to prove Theorem 



Proof of Theorem H]^. We put 



P:={P*GPC(S^,,,))| x^P*}, P':=PC(S^,,,))\P, 

S:={Pe PC(S) I G(a) ^ P} U {G{cr)} 
and let T be the set of minimal elements of 

{(P \ G(a)) U {x} I P G PC(S), P n G{cr) ^ 0} . 

Then to prove the theorem, we have only to prove V = S and V' = T. 

"P = 5" Trivially we have G((t) G V. Let P G PC(S), G{(t) (/L P. Then for any 
y G P, P \ {i/} generates a strongly convex rational polyhedral cone in S^^ .^.^ because 
G(o") <^ P \ {y}- On the other hand, since x ^ P, P does not generate a strongly convex 
rational polyhedral cone in ^l^x)- have P G P. Conversely, let P* G P. If 

G(a) C P*, then P* = G((t) G 5 since G((t) G V. If G(a) ^ P*, then for any y G P*, 
P* \ {?/} generates a strongly convex rational polyhedral cone in E because x ^ P*. 
Clearly P* does not generate a strongly convex rational polyhedral cone in S. Therefore 
P* G PC(S) and we have P* G 5. 

"P' = T" Let (P\G(fT))U{x} G r (P G PC(S)) and suppose that (P\G((x))U{x} 
generates a strongly convex rational polyhedral cone in ^^o-x)- Then there exists r' G S 
such that 



Cone ((P \ G(a)) U {x}) -< ai + r' G (1 < Vz < /), a n r' = {0}. 

Since P \ G(o-) C G(r'), we have P C G(o- + r') (a + r' G S), a contradiction to P G 
PC(S). Therefore (P \ G(cr)) U {a;} contains a primitive collection of S^^.^,). So let P* C 
(P \ G{(J)) U {x}, P* G PC(S^^^^)). Then x G P* because P \ G(cr) generates a strongly 
convex rational polyhedral cone in ^l^^x)- ^'^ t>y Lemma [4.6| , there exists P' G PC(E) such 
that P* = (P' \ G(a)) U {x}. Since (P' \ G(ct)) U {x} = P* c (P \ Gicr)) U {x}, we have 
(P' \ G((t)) U {x} = (P \ G((t)) U {x} by minimality. Therefore (P \ G((t)) U {x} = P* G 
PC(S^^^^,)). Conversely, let P* G PC(S^^^^)), x G P*. Then by Lemma U P* is clearly 
expressed in the form as stated. q.e.d. 

By using Theorem we can construct a nonsingular toric Fano 4-fold which is missing 
in the table of Batyrev . 

Example 4.7 Let c? = 4, S a fan in N corresponding to x and G(S) = {xi, . . . , xq}. 
Then the primitive relations of E are 



Xi + X2 + X3 = 0, X4 + X5 + X6 = 0. 
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We get a nonsingular toric Fano 4-fold W by equivariant blow-ups of x along three 
Tjv-invariant 2- dimensional irreducible closed subvarieties 



orb ({a;i,a;4}), orb ({x2, X5}), oih {{xs, xq}). 

Let be the fan in corresponding to W and GiX'w) = G(S) U {xr, xs, xg}. Then the 
primitive relations of J^w are 

Xi+X4^ = Xt, X2+X5 = Xg, X3 + Xe = Xg, 

Xi + X2 + X3 = 0, X4 + X5 + Xe = 0, XT + Xs + Xg = 0, 
Xi + X2 + Xg = Xq, X4 + X5+ Xg = X3, Xi + X3 + Xg = X5, 

X4 + xe + = X2, X2 + X3 + X7 = X4, X5 + xe + X7 = xi, 

Xi -|- Xg + Xg = X5 + Xq, X4 + Xg + Xg = X2 + X3, X2 + X7 + Xg = X4 + Xq, 
X':, + X7 + Xg = Xi + X3, X3 + X7 + Xg = X4 + X5, Xe + X7 + Xg = Xi + X2. 



This is easily confirmed by Theorem 4.3. W is missing in the table of Batyrev 



By Theorem [4.3| , we get a way to calculate PC(S*^^^) from PC(S). Conversely, by the 
following easy lemma, we get a way to calculate PC(S) from PC(S(^ ,j,^). 

Lemma 4.8 Let H he a finite complete simplicial fan in N, a & J] and x G (Relint(cr)) fl 
which generates the semigroup (R>ox) fl A^. If P E PC(S) and G(o") C P, then 
(P\G(a))U{x}ePC(E^,,,)). 

Proof. We have only to prove that (P \ G(o")) U {x} is a minimal element in 
{(P' \ G(fx)) U {x} I P' G PC(S), P' n G{(J) ^0}. Suppose there exists P' G PC(S) such 
that 

P' \ G{cr) C P \ G(a), P' n G(a) ^ 0. 

Since G(o') C P, we have P' C P, hence P = P' because P, P' G PC(S). Therefore P is 
a minimal element. q.e.d. 

Corollary 4.9 Let S 6e a finite complete simplicial fan in N, a E H andx G (Relint((T))n 
N which generates the semigroup (R>ox) fl N. Then the primitive collections of 12 are 

(1) P* G PC(S^^_^)) such that P* ^ G((t), x ^ P* and 

(2) (P* \ {x}) U G(ct) w'/iere P* G PC(S*^_^)) such that x G P* and (P* \ {x}) U 5 ^ 

for any subset S C G(cr). 



This immediately follows from Theorem and Lemma [4.8| . 

We end this section by giving an easy criterion for the possibility of equivariant blow- 
down in the nonsingular case. 
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Theorem 4.10 Let S* be a finite complete nonsingular fan in N. Then the following are 
equivalent. 

(1) There exist a complete nonsingular toric variety X and an equivariant hlow-up if : 
rAremb(S*) X along a Tf^f -invariant closed irreducible subvariety of X . 

(2) There exists P* G PC(S*) such that the corresponding primitive relation is 

Xi + ■ ■ ■ + Xi = X, P* = {xi, . . . , Xi}, for some x G G(S*) 
and for any a* G S* which contains x, each of 

(G((T*)UP*)\{x,} (1 <W</) 
generates a strongly convex rational polyhedral cone in S*. 

(3) There exists P* G PC(S*) such that the corresponding primitive relation is 

Xi + ■ ■ ■ + X; = X, P* = {xi, . . . , Xi}, for some x G G(S*) 
and for any P' G PC(S*) which satisfies the conditions P* H P' ^ % and P* ^ P' , 

{P' \ P*) U {x} 
contains a primitive collection ofL*. 

Proof. We prove (1) =^ (3) ^ (2) ^ (1). 

(1) =^ (3) is trivial by Theorem |4.3| . 

(3) =^ (2). Suppose that there exists a* G S* such that x G cr* and 

(G((T*) U P*) \ [xi] for some i{l<i<l) 

does not generate a strongly convex rational polyhedral cone in E*. Then (G(cr*) U P*) \ 
{xi} contains a primitive collection P' G PC(S*). Since P* n P' 7^ and P* ^ P', by (3), 

(P'\P*)U{x} C G(a*) 

contains a primitive collection of S*, a contradiction. 

(2) (1). For any cr* G S* which contains x, define a strongly convex rational 
polyhedral cone a' in A^a by 

a':=Cone((G(ff*)UP*)\{x}). 

Then the finite complete nonsingular fan S in defined by 

S := (S* \ {a* G S* |x G a* }) U {a' and the faces of a' \a* G S*, x G a* } 

gives a complete nonsingular toric variety X = T;vemb(S) and an equivariant blow-up 
(f : T;vemb(S) X. q.e.d. 

The equivalence (1) <^==^ (3) is a useful criterion for the possibility of equivariant 
blow-down in the nonsingular case. 
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5 Decomposition of birational morphisms 



In this section, we prove a toric version of a theorem of Mori which says "a proper bira- 
tional morphism between nonsingular Fano 3-folds is always decomposed into a composite 
of blow-ups" , and consider the higher-dimensional version. In the proof of this theorem, 
the results of Sections |^ and H are used. 

The following proposition is important in proving the main theorem in this section. 

Proposition 5.1 Let X := T/vemb(S) be a nonsingular toric Fano d-fold {resp. —Kx 
is nef), Xi + ■ ■ ■ + Xi = x a primitive relation of S and ip : X ^ X' := T/vemb(S') the 
equivariant blow-down with respect to Xi + ■ ■ ■ + Xi = x. Then X' is not a nonsingular 
toric Fano d-fold [resp. —Kx' is not nef) if and only if there exists a primitive relation of 
S of the form 

2/1 H \-ym = a-izi H h anZn + hx + CiXi H h 

up to change of the indices, such that 

(1) ai, . . . , a„, 6 > 0, ci, . . . , q_i > 0, 

(2) m - (ai H h + & + ci H h Q_i) > {resp. > 0), 

(3) m — {ai + • ■ ■ + an + hi + ci + ■ ■ ■ + q_i) < {resp. < 0) and 

(4) m + n + l <d+l. 

Proof. The sufficiency is trivial by Theorem |3.10| . 

By Corollary |4.9| , for any new primitive collection P' G PC(S') added by the equivariant 
blow-down with respect to xi + ■ ■ ■ + xi = x, there exists 

P = {ui,...,Ur,x} e PC(S) 

such that P' = {ui, . . . ,Ur,xi, . . . ,xi}. Let the primitive relation corresponding to P be 

Ui + ■ ■ ■ -\- Ur + X = hiVi + ■ ■ ■ + hgVs. 

Then Cone ({fi, . . . , Vs}) G S' because x ^ {fi, . . . , Vg}. So the primitive relation corre- 
sponding to P' is 

Ui -\- ■ ■ ■ -\- Ur + Xi -\- ■ ■ ■ -\- Xi = hiVi + ■ ■ ■ + hsVg. 

Therefore deg P' = r + / - (/ii H V hs) > r + I - {hi ^ h /i,) = deg P > 0. 

By the above discussion, if X' is not a nonsingular toric Fano (i-fold, then there exists 
a primitive collection P in PC(ZI) such that P is in PC(S'), its primitive relation contains 
X on the right-hand side and r(P) is contained in an extremal ray of NE(X'). So we get 
the conditions (1) and (4). Because X is a Fano variety while X' is not a Fano variety, we 
get the conditions (2) and (3). q.e.d. 



12 



Example 5.2 We consider Proposition in the case of the equivariant blow-down ip : 
X ^ X' with respect to the primitive relation of S of the form xi + X2 = x. 

(1) "(i = 2" X' is always a nonsingular toric Fano surface. On the other hand, if —Kx 
is nef, then —Kx' is always nef. 

(2) "d = 3" X' is not a nonsingular toric Fano 3-fold if and only if there exists the 
following primitive relation of S. 

yi + y2 = x ({1/1,2/2} n {a;i,X2} = 0) . 

(3) "(i = 4" X' is not a nonsingular toric Fano 4-fold if and only if there exists one of 
the following primitive relations of S. 

2/1 + 2/2 = X, ?/i + 2/2 + 2/3 = 2x, 2/1 + 2/2 + 2/3 = a; + a;i ({2/1,2/2, 2/3} n {xi, X2} = 0) . 

Next let d = 3 and let : X — X' be the equivariant blow-down with respect to the 
primitive relation of S, X1 + X2+X3 = x. Then X' is always a nonsingular toric Fano 3-fold 



by Proposition |0 



We need these facts later. 



The following is the toric version of the Mori theory. 



Proposition 5.3 (Reid ||16|| ) Let be a finite complete nonsingular fan in N, X := 
T/vemb(S) a projective toric variety, and P = {xi, . . . ,xi} G PC(S) with the primitive 
relation corresponding to P being xi + ■ ■ ■ + xi = oiyi -|- ■ ■ ■ -|- amUm- If "^{P) contained 
in an extremal ray o/NE(X) and m > 1, then there exist a nonsingular projective toric 
d-fold X' and an equivariant morphism 

Contp : X — > X' 

such that the following are satisfied: 



(1) For any r G S, the image o/orb(r) by Contp is a point if and only if v{t) = r{P) G 
A,iX). 

(2) Let S' be a fan in N such that X' = T^remb(S'). If m = 1 then S' is simplicial and 

a' = Cone {{x,, . . . , xi}) G S', G(S') = G(S) \ {y,}. 

Moreover S = (S')((t' x) where x := {xi + ■ ■ ■ + xi)/ai. Especially if oi = 1, then X' 
is nonsingular and Contp is an equivariant blow-up. 
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To prove the main theorem in this section, we suppose d = 3. Let (p : Y — > X be 
an equivariant morphism between nonsingular toric Fano 3-folds, and S and S fans in N 
such that X = T/vemb(S) and Y = T/vemb(S). To apply Propositions ^TT] and ^TB| , we 
have to investigate the subdivision of a 3-dimensional strongly convex rational polyhedral 
cone in S. The following lemma is fundamental in classifying subdivisions. 

Lemma 5.4 Let d = rankA^ = 3, S and S finite complete nonsingular fans in N and 
if : T/vemb(S) — > TAremb(E) an equivariant morphism. For any a G S(3) such that 
G(c") = {xi, X2, x^}, let a be the unique strongly convex rational polyhedral cone m S \ {0} 
such that Xi + X2 + X3 & Relint(cf). Then we have the following. 

(1) dim a = 3 -^=^ a = a G S. 

(2) dim a = 2 <^=^ G(5) = {x, x^} where x := Xi + X2 up to change of the indices. 

(3) dim a = 1 <^==4* G(cf) = {x} where x := xi + X2 + x^. 

Proof. The sufficiency is trivial. Let s = dim a and G(cr) = {yi, . . . ,ys}. Then 
a G cr since is an equivariant morphism, and so we have 

yi = anXi + ai2X2 + 0^3X3 {l<i< s), G Z>o (1 < i < s, 1 < j < 3). 

If we put xi+ X2 + x^ = biyi + ■ ■ ■ + bgys (&i, • • • , &s G Z>o), then bi = ■ ■ ■ = bg = I because 
O'ij (1 < ^ < 1 < j < 3) are nonnegative. q.e.d. 

Now we are ready to classify the subdivisions of a 3-dimensional strongly convex 
rational polyhedral cone a G S(3). There are five types of subdivisions for a. Let 

G(o-) = {xi,X2,X3}. 



;i) "dim? = 3" a = a e S(3) by Lemma |J 



(2) "dim a = 2" By Lemma we have Xi + X2 + x^ G Cone ({0:3, X4}) G S(2), where 
X4 := Xi + X2 G G(S). Then {xi,X2} G PC(S) and r({a;i,X2}) is contained in an 
extremal ray of NE(F) since deg ({xi, X2}) = 1. So o"i := Cone {{xi,X3, X4}) , (J2 := 
Cone {{x2, X3, X4}) are in S(3) and a = (Xi U cr2 by Theorem 4.10| (2) and Proposition 



5.3. 



(3) "dima = 1 and {xi,X2} G PC(S)" Let X4 := Xi + 2:2 + ^3 G G(S) and X5 := 
xi + X2. Then X5 G G(S) and the primitive relation corresponding to {xi,X2} is 
Xi + X2 = x^. Since X3 + X5 = X4, we have {x3,X5} G PC(S) and X3 + X5 = X4 
is the corresponding primitive relation. So since r{{xi,X2}) and r{{x3,x^}) are 
contained in an extremal ray of NE(y), we see that cti := Cone {{xi, X3, X4}) , o"2 := 
Cone {{xi, X4, Xs}) , 0"3 := Cone {{x2, X3, X4}) , (J4 := Cone ({x2, X4, X5}) are in S(3) 
and cr = 0"! U (T2 U (T3 U (T4 for the same reason as above. 
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(4) "dima = 1, {xi,a;2,a;3} G PC(S) and r {{xi,X2,X3}) is contained in an extremal 
ray of NE(y)" Let X4 := xi + X2 + X3. Then by Proposition |5.3| , we have ai := 
Cone {{xi, X2, X4}) , (J2 := Cone ({x2, X3, X4}) , := Cone {{xi, X3, X4}) are in S(3) 
and 0" = CTi U (72 U (J3. 

(5) "dimcr = 1, {xi, X2, x^} G PC(S) and r {{xi, X2, X3}) is not contained in an extremal 
ray of NE(y)" Let X4^ := Xi + X2 + x^. Then the primitive relation corresponding 
to {xi,X2,xs} is xi + X2 + X3 = X4 and so deg ({xi, X2, X3}) = 2. Therefore there 
exist two primitive collections Pi, P2 & PC(S) such that degPi = degP2 = 1 and 
r {{xi,X2, X3}) = r(Pi) + r(P2). On the other hand, there are two types of primitive 
relations corresponding to the primitive collection P such that degP = 1 and r(P) 
is contained in an extremal ray. The possibilities are 

(a) zi + Z2 + Z3 = 2z4, (b) Wi+W2 = W3. 

By easy calculation, the combinations {{a), (a)) and ((6), (6)) are impossible. In the 
case of the combination ((a), (6)), we have 2:4 = wi = X4, = zi, W2 = Xi, Z2 = X2 
and Z3 = X3. Then putting X5 := Zi, we have cJi := Cone ({xi, 0:2, Xs}) , (72 := 
Cone({x2,X4,X5}) , 0-3 Cone ({xi, X3, X5}) , (T4 := Cone ({X3, X4, 0:5}) , 0-5 := 
Cone ({x2, a;3, X4}) are in S(3) and cr = cri U (T2 U (T3 U (74 U (T5 for the same rea- 
son as in (2). 

By the above classification, we get the following main theorem in this section. This is 
a toric version of a theorem of Mori. 

Theorem 5.5 Let X and Y be nonsingular toric Fano 3-folds, and (p : Y — > X an 

equivariant morphism. Then we have a decomposition of if 

V _ V "^^ V '^'■"1 '^2 ipi v _ ^ 
I — ' y\^_l ' ' y\l ' v\g — v\ 

where Xi {0 < i < r) is a nonsingular toric Fano 3-fold, (fj (2 < j < r) is an equivariant 
blow-up along a T^-invariant 1- dimensional irreducible closed subvariety of Xj_i and ipi 
is an equivariant blow-up along some -invariant points of X . 

Proof. In the above classification, carry out equivariant blow-downs in the order 
(3) =^ (2) =^ (1), (2) =^ (1), (5) =^ (4) =^ (1) and (4) =^ (1). Then by Proposition 
|0| and Example |5^ , we get a decomposition as in the statement. q.e.d. 

If > 4, the method we employed in the 3-dimensional case is insufficient. For ex- 
ample, in the case of ci = 4, there is a subdivision of a 4-dimensional strongly convex 
rational polyhedral cone a G S(4) such that the primitive relations corresponding to 
{P G PC(S) I P C a} C PC(S) are 

xi + X2 + X3 = X5, X2 + X4 = Xq and Xi + X3 + Xe = X4 + X5, 
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where G(o") = {xi,X2,X3,X4}, X5, xq G G(S). This does not contradict the fact that 



y is a nonsingular toric Fano variety, but we cannot tell by Proposition ^]T| whether 
the equivariant blow-down of Y with respect to the primitive relation X2 + X4 = Xq is 
also a nonsingular toric Fano variety or not. However, there is still a possibility of the 
decomposition similar to that in Theorem |5.5| in the case d > 4. 



Conjecture 5.6 Let X and Y be nonsingular toric Fano d-folds, and (p : Y — > X an 
equivariant morphism. Then we have a decomposition of if 

V — V . V '^'■-1 V2 -t^ V _ V 

1 — vA-j. > ' ' ^1 ' vVg — u\ 

where Xi [0 < i < r) is a nonsingular toric Fano d-fold, and each of ipj (1 < j < r) is an 
equivariant blow-up along a T^-invariant irreducible closed subvariety of Xj^i. 



6 Program for the classification of toric Fano varieties 

In this section, we give a program for the classification of nonsingular toric Fano 
varieties. This program can be extended to the case of Gorenstein toric Fano varieties 
endowed with natural resolution of singularities. 

First we consider the classification of nonsingular toric Fano d-folds. We define the 
F-equivalence relation again. Let 



J-'d := {nonsingular toric Fano d-folds} / = . 



Definition 6.1 Xi and X2 in J-'d are said to be F-equivalent if there exists a sequence of 
equivariant blow-ups and blow-downs from Xi to X2 through toric Fano d-folds, namely 
there exist nonsingular toric Fano d-folds Iq = Xi,Yi, . . . ,Y2i = X2 together with finite 
successions Yj — > Y^_i and Yj — > l^+i, for each odd 1 < j < 2/ — 1, of equivariant blow-ups 

F F 

through nonsingular toric Fano d-folds. We denote the relation by Xi ~ X2. Then "~" is 
obviously an equivalence relation. 



By Proposition p.6| . Theorems |3.10| , [4.3| , |4.10| and CoroUory |4.9| , to get the classification 



of nonsingular toric Fano d-folds, we have only to solve the following problem. 

F 

Problem 6.2 Get a complete system of representatives for {J-'d, ~). 



For Problem |6.2| , we propose the following conjecture. 

Conjecture 6.3 Any nonsingular toric Fano d-fold is either pseudo-symmetric or F- 
equivalent to the d-dimensional projective space P'^, where a nonsingular toric Fano d-fold 
Tjvemb(S) is pseudo-symmetric if there exist two d-dimensional strongly convex rational 
polyhedral cones a, a' G S(d) such that a = —a' := {—x G A^r | x G a'}. 
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If Conjecture ^]3| is true, we can get a complete system of representatives for (JF^, ~), 
since pseudo-symmetric ones are already completely classified as follows: 

Definition 6.4 Let k G Z>o, d = 2k and {ei, . . . , e^} a basis of N. The 2 /c- dimensional 
del Pezzo variety V"^^ is the nonsingular toric Fano 2/c-fold corresponding to the Fano 
polytope in iV^ defined by 

Conv ({ei, . . . , Cd, -ei, . . . , -e^, ei H h e^, -(ei H h e^)}) , 

while the 2/c-dimensional pseudo del Pezzo variety V"^^ is the nonsingular toric Fano 2/c-fold 
corresponding to the Fano polytope in A^^ defined by 

Conv ({d, . . . , Cd, -ei, . . . , -e^, ei H h 6^}) . 



Remark 6.5 In the table of Section ^, (117) is the 4-dimensional pseudo del Pezzo variety 
V^, while (118) is the 4-dimensional del Pezzo variety V^. 

Theorem 6.6 (Ewald [Q, Voskresenskij-Klyachko ||17|| ) For any pseudo-symmetric 
toric Fano variety X there exist numbers s,m,n e Z>o, ki, . . . , km, h, . . .In ^ Z>o such 
that 

X = (P^y X V'^''' X ■ ■ ■ X X r^'i X ■ • ■ X ^2'" 

where V"^^^ is the 2ki- dimensional del Pezzo variety while V'^''^ is the 21 j- dimensional psudo 
del Pezzo variety for 1 < i < m, I < j < n. 

Conjecture is very difficult to deal with in general. So we consider Conjecture |^ 
in some special class of nonsingular toric Fano (i-folds. 

Theorem 6.7 Let r,ai, . . . ,ar in Z>o and ai + ■ ■ ■ + ar = d. Then we have 

pai X ■ ■ ■ X P"" ~ P'^. 
Proof. We prove this by induction on d. 

Let S be a fan in N corresponding to the d-dimensional projective space and G(S) = 
{xi, . . . , Xd+i}- Then the primitive relation is 

xi-\ h Xd+i = 0. 

By the equivariant blow-up along {xi, . . . for 1 < ai < d we get a fan Si in N 

whose primitive relations are 

Xi-\ h Xai+l = Xd+2, H h Xd+2 = 0, 
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where G(Si) = G(S) U {xd+2}- Moreover, by the equivariant blow-up of Si along 
{xi,Xai+2, • • • , Xd+i} we get a fan E2 in whose primitive relations are 

Xl + Xai+2 + ■ ■ ■ + Xd+l = Xd+3, X2 + ■ ■ ■ + Xa^+i + Xd+3 = 0, Xd+2 + Xd+3 = Xi, 
Xi + ■ ■ ■ + Xa-^+l = Xd+2, Xai+2 + " " " + Xd+2 = 0, 

where 0(^2) = G(Si) U {a^d+s}- Then T/vemb(Si) and Tjvemb(S2) are nonsingular toric 



Fano (i-folds by Theorem p.lO| . By Theorem [4.10| S2 can be equivariantly blown-down 



to a fan S' in with respect to the primitive relation Xd+2 + Xd+3 = xi. The primitive 
relations of S' are 

X2 + ■ ■ ■ + Xa-^+i + Xd+3 = 0, Xaj^+2 + ■ ■ ■ + Xd+2 = 0, 

where G(S') = {x2, ■ ■ ■ ,Xd+3}. So the toric variety corresponding to S' is isomorphic to 
pai X prf-ai^ have 



pd pai ^ pd-ai 



Then by the induction assumption, we have 

pd-ai pa2 ^ . . . ^ pir 

q.e.d. 

Next, we consider more complicated nonsingular toric Fano (i-folds. 

Definition 6.8 (Batyrev [^]) Let S be a finite complete nonsingular fan in A^. Then E 
is called a splitting fan if for any two distinct primitive collections Pi and P2 in PC(S), 
we have Pi n P2 = 0- 

The following is well-known. 

Theorem 6.9 (Kleinschmidt [Q) Let S be a finite complete nonsingular fan in N and 
X := T/vemb(S). // the Picard number of X is two or three, then X is projective. More- 
over, if the Picard number of X is two, then T, is a splitting fan. 

The nonsingular toric (i-folds corresponding to splitting fans are characterized by the 
following proposition. 

Proposition 6.10 (Batyrev ^) LetH be a finite complete nonsingular fan in N . Then 
is a splitting fan if and only if there exist toric manifolds Xq, . . . ,Xr such that Xq is a 
projective space, X^ = T/vemb(S) and for 1 < i < r , Xi is an equivariant projective space 
bundle over Xj_i. 



For any splitting fan S in A^, T/vemb(S) is projective by Proposition |6.10| . So the 
assumption in the following is satisfied. 
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Lemma 6.11 (Batyrev ^) Let S be a finite complete nonsingular fan in N such that 
Tjvemb(S) is projective. Then there exists a primitive collection P in PC(E) such that 
a{P) = 0. 



Theorem 6.12 Let H be a splitting fan in N and let P = {xi, . . . ,Xr} be a primitive 
collection such that cr[P) = 0. If for any primitive collection P' in PC(S) such that 
cr(P') n P 7^ 0, there exists y in P' such that y is not in cr{P") for any P" in PC(S), then 
there exists a nonsingular toric Fano (rf — r + l)-fold X' in jF'^-'^+i such that 

r^emb(S) ~ P"-i X X'. 

Proof. If cr{P') n P = for any primitive collection P' in PC(S), then T/vemb(S) is 
isomorphic to the product as in the statement. 

So let P' = . . . be a primitive collection such that o"(P') fl P 7^ and Xi in 
o"(P') n P. Then by assumption, there exists yj in P' such that yj is not in cr{P") for any 
P" in PC(S). The primitive relations of S are 

xi + ■ ■ ■ + Xr = 0, yi + ■ ■ ■ + ys = cLXi + ■ ■ ■ (a > 0), .... 

By the equivariant blow-up along {xi, . . . , Xj+i, . . . , x^, yj} we get a fan Si in whose 
primitive relations are 

xi H h Xi_i + Xi+i H VXr + yj = z, Xi + z = yj, 

2/1 H h yj-i + yj+i H \- ys + z = {a - l)xi H , 

xi H h = 0, yi-\ \-ys = aXi-\ , ... 

where G(Si) = G(S)U{2;} and the first three primitive relations are new. Then TAremb(Si) 
is a nonsingular toric Fano (i-fold by Theorem |3.10| . By Theorem [4.10| Ei can be equivari- 
antly blown-down to a fan S' in with respect to the primitive relation xt + z = yj. The 
primitive relations of S' are 

xi H \-Xr = 0, 2/1 H h yj-i + yj+i H \- ys + z = (a - l)xi H , ... 

where G(S') = (G(S) \ {yj}) U {z}. Then T/vemb(S') is also a nonsingular toric Fano en- 
fold by Theorem |3.1CI| , and S' satisfies the assumption of the statement. So we can replace 
S by S' and carry out this operation again. This operation terminates in finite steps and 
T/vemb(S') becomes a product as in the statement. q.e.d. 

By Theorems |6.7| and |6.12|, we get the following immediately. 

Corollary 6.13 Let H be a splitting fan in N and let T;vemb(S) be a nonsingular toric 
Fano d-fold. If the Picard number o/T/vemb(S) is not greater than three, then Tjvemb(S) 
is F-equivalent to the d-dimensional projective space. 



19 



Next we consider the classification of Gorenstein toric Fano varieties. 

Let A be a reflexive polytope in A^r. For any 6 G A{d — 1), subdivide 6 as 

6 = Ss,i U 5*5,2 U ■ ■ ■ U Ss,k{5) 

where Ss,i (1 < ^ < k(5)) are {d — l)-dimensional simplices such that 

Ss,i f^N = Ss^iiS^) C (5 n (1 < i < k{5)) . 
Then we can define a finite complete fan S(A) in by 

S(A) := {a{Ss,i) and the faces of a{Ss,^) | 5 G A(d - 1), 1 < z < k{5)}U {0}. 

Proposition 6.14 (Batyrev [|^) Let A he a reflexive polytope in N^. Then there ex- 
ists a subdivision c)/E(A) as above such that Tjvemb (^S(A)^ is a projective toric variety 
with only Gorenstein terminal quotient singularities. Moreover, the equivariant morphism 
corresponding to this subdivision ip : T/yemb ^S(A)^ — > T/vemb(S(A)) is crepant. 



Remark 6.15 In Proposition |6.14| , if T/yemb (^S(A)j is nonsingular, then for any P G 
PC (S(A)), we have degP > because Conv (g (^T^))) = ^- By Theorem PTTUI , this 
means that the anticanonical divisor of T/vemb (^S(A)^ is nef. 

Definition 6.16 Let X be a nonsingular projective algebraic variety. Then X is called a 
nonsingular weak Fano variety if the anticanonical divisor —Kx is nef and big. 

By the following proposition, the condition "big" is automatic in the case of toric 
varieties. 

Proposition 6.17 Let S be a finite projective nonsingular fan in N and X := Tjvemb(S). 
Then the following are equivalent. 

(1) X is a nonsingular toric weak Fano variety. 

(2) The anticanonical divisor —Kx is nef. 

(3) For any P G PC(S), we have degP > 0. 



Proof. The equivalence (2) <^==^ (3) follows from Theorem 3.10| . 



Suppose the anticanonical divisor —Kx is nef. Then A = Conv(G(S)) is a reflexive 
polytope. So we have {-KxY = vold(A*) > 0. Therefore —Kx is big. q.e.d. 

For the Gorenstein toric Fano varieties endowed with crepant resolutions of singularities 



as Proposition 6.14, we can consider instead the nonsingular toric weak Fano varieties by 
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Propositions |6.14| , |6.17| and Remark |6.15| . In this case, we can apply the method for 



nonsingular toric Fano varieties by Theorem p.lO| and Proposition |6.17| . Especially in the 
cases of d = 2 and d = 3, Tj^emh (Ti{A)^ is always nonsingular. 

We introduce the same concepts for nonsingular toric weak Fano (i-folds as in the case 
of nonsingular toric Fano (i-folds. Let 

J-'J := {nonsingular toric weak Fano (i-folds} / = . 

First, we define the concept, flop, for nonsingular projective toric (i-folds. 

Definition 6.18 Let X = T/vemb(S) be a nonsingular projective toric (i-fold and P a 
primitive collection of S whose primitive relation is 



xi^ hx/ = ?/i H \-yi. 

If r{P) is contained in an extremal ray of NE(X), then we can do the following operation. 
First we blow-up X along {yi, . . . , yi}, and we get the toric variety X' = T/vemb(E') and 
the primitive relation of S', Xi + - ■ ■+xi = z, where G(S') = G(S)U{2;}. Next we can blow- 
down X' with respect to xi + ■ ■ ■ + xi = z, and we get the toric variety X~^ = T/vemb(S"'') 
and the primitive relation of 



2/1 H = xi H hxi, 

where G(S"'") = G(S). We call this operation flop. 



Definition 6.19 Xi and X2 in JFJ are said to be weakly-F-equivalent if there exists a 
sequence of equivariant blow-ups, blow-downs and flops from Xi to X2 through toric weak 
Fano (i-folds, namely there exist nonsingular toric weak Fano (i-folds Yq = Xi,Yi, . . . ,¥^1 = 
X2 together with finite successions I3J-2 — ^ ^3i-3 and — ^ ^3j-i; for each I < j < I, 
of equivariant blow-ups through nonsingular toric Fano (i-folds, and finite successions 
Isfc-i Ysfc, for each 1 < A; < /, of flop through nonsingular toric Fano (i-folds. We 
denote the relation by Xi ~ X2. Then "~" is obviously an equivalence relation. 

The conjecture for nonsingular toric weak Fano (i-folds corresponding to Conjecture 
|6.3| is the following. 

Conjecture 6.20 Any nonsingular toric weak Fano d-fold is weakly-F-equivalent to the 
d- dimensional projective space P"'. 



Remark 6.21 Since the 4-dimensional pseudo del Pezzo variety and the 4-dimensional 
del Pezzo variety can be equivariantly blown-up to nonsingular toric weak Fano 4-folds, 
we exclude the pseudo-symmetric toric Fano varieties from Conjecture |6.20| . 
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We can easily prove Conjectures |6.3| and |6.20| for c? = 2 



Theorem 6.22 Any nonsingular toric Fano surface is F-equivalent to the 2 -dimensional 
projective space P^, while any nonsingular toric weak Fano surface is weakly- F-equivalent 
to P^. Especially, Conjectures |6.3| and p.2(\ are true for d = 2, and we get a new method 
for the classification of Gorenstein toric Fano surfaces by the above discussion. 



Proof. We prove Theorem |6.22| in the case of nonsingular toric weak Fano surfaces. 



We can similarly prove Theorem 6.22| in the case of nonsingular toric Fano surfaces. 



By Proposition |5.1| and Example |5.2| , if a nonsingular toric weak Fano surface X is not 
minimal in the sense of equivariant blow-ups, then X can be equivariantly blown-down to 
nonsingular toric weak Fano surface. On the other hand, the minimal complete nonsingular 
toric surfaces in the sense of equivariant blow-ups are P^ and Ppi {O-pi © (9pi(a)) (a > 
and a 7^ 1) (See Oda |13|]). So the minimal nonsingular toric weak Fano surfaces in the 



sense of equivariant blow-ups are 

p2, pi X pi and Ppi (Opi © Opi(2)) . 

These are weakly-F-equivalent to the 2-dimensional projective space P^ by easy calcula- 
tion, q.e.d. 



7 The classification of nonsingular toric Fano 3-folds 



We devote this section to proving Conjecture ^]3| for d = 3. Throughout this section, 
we assume d = ?>. 

Theorem 7.1 Any nonsingular toric Fano 3-fold is F-equivalent to the ?>- dimensional 
projective space P^. Especially, Conjecture is true for d = ?>, and we get a new method 
for the classification of nonsingular toric Fano 3-folds. 



To prove Theorem |7. 1| , we prove the following lemma. For a toric variety X, let p{X) 



be the Picard number of X. 

Lemma 7.2 Let X = T/vemb(S) be a nonsingular toric Fano 3-fold and p{X) > 2. Then 
there exists a primitive collection P in PC(S) such that = 2. 

Proof. Suppose there does not exist a primitive collection P in PC(S) such that 
#P = 2. Let A(S) be the Fano polytope corresponding to X. Then the /-vector of A(S) 
is 

(p(X)+3, (p(X) + 2)(p(X) + 3)/2, /3) 

by assumption. By the Dehn-Sommerville equalities (see Oda [|13[)) "we have p{X) = 1 
and /s = 4. q.e.d. 
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Remark 7.3 The method in the proof of Lemma ^]2| is not available for d > 4, because 
for any /o > 0, there always exists a simplicial polytope whose /-vector is 

(/o, /o(/o-l)/2, ). 



Proof of Theorem |7[l|. Let X = TAremb(S) be a nonsingular toric Fano 3-fold. 
If p{X) = 2, then S is a splitting fan by Theorem |6.9| , and X is F-equivalent to by 
Corollary |6.13| . 

Suppose p{X) > 3. Then there exists a primitive collection P in PC(S) such that 



= 2 by Lemma [77^. By Theorem 3.10, we have two cases 



" There exists a primitive collection P in PC(S) whose primitive relation is X1 + X2 = 
X {xi,X2,x G G(S))." Because degP = 1, r(P) is contained in an extremal ray 
of NE(X). So X can be equivariantly blown-down with respect to Xi + X2 = x. 
Let ip : X ^ Y he the equivariant blow-down with respect to Xi + X2 = x. By 
Proposition and Example ^.21, if Y is not a nonsingular toric Fano 3-fold, then 
there exists a primitive collection P' in PC(S) whose primitive relation is 

yi + y2 = x ({xi,x2} n {?/i,?/2} = 0) • 



By Theorem [4.10| and the fact degP' = 1, {x,Xi,yi}, {x,Xi,y2},{x,X2,yi} and 



{x,X2,y2} generate 3-dimensional strongly convex rational polyhedral cones of S. 
Since p{X) > 3, there exists z in G(S) \ {x,Xi,X2,yi,y2}- {x,z} is obviously a 
primitive collection of S. If the primitive relation of {x, z} is x + z = z' {z' G G(S)), 
then obviously X can be equivariantly blown-down to a nonsingular toric Fano 3- 
fold with respect to x + z = z'. If the primitive relation of {x, z} is x + z = and 
p{X) > 4, then there exists w in G(S) \ {x, Xi, X2, yi, y2, z} and we can replace z by 
w. If the primitive relation of {x, z} is x + z = and p{X) = 3, then the primitive 
relations of S are 

xi + X2 = X, yi + y2 = X and x + z = 0. 



Then S is a splitting fan, and X is F-equivalent to P by Corollary |6.13 



(2) "For any primitive collection P in PC(S) such that #P = 2, its primitive rela- 
tion is Xi + X2 = {xi,X2 G G(S))." There exists a primitive relation xi + 
X2 = by Lemma |7]^. Let {xi,x[,x'{} generate a 3-dimensional strongly con- 
vex rational polyhedral cone in E, where x[ and x'l are in G(S). By assump- 
tion, there exist yi and y2 in G(S) \ {xi,X2,x[,Xi}. If {1/1,1/2} is not a prim- 
itive collection, then {x2, 1/1,1/2} generates a 3-dimensional cone in E. Because 
{x2,yi} and {x2,y2} are also not a primitive collection by assumption, the open set 
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\ (Cone {{x2, Ui}) U Cone ({0:2, 1/2}) U Cone {{yi, 112})) has two connected compo- 
nents. If {x2,yi,y2} is a primitive collection, then there exist elements of G(S) in 
both connected components, and there exists a primitive relation like Ui + U2 = u. 
This contradicts the assumption. Either {x'^, yi\ or {x'/, 1/1} is a primitive collection, 
because otherwise, both {x2,yi,x'i\ and {x2, yi, x'/} generate 3-dimensional cones in 
S. So we get primitive relations yi + x'^ = and 1/2 + x'l = up to change of the 
indices. Therefore 

Cone ({xi, x'l, x'[}) = - Cone ({x2, yi, 1/2}) , 

and T/vemb(S) is a pseudo-symmetric toric Fano 3-fold. Conversely let {yi,y2} be 
a primitive collection. Then the corresponding primitive relation is yi + y2 = by 
assumption, and xi, X2, yi and y2 are contained in a plane. So there exists z in 
G(S) \ {xi, X2, x']^, x'/, 2/1, ?/2}5 and both {x[, z} and {x", 2;} are primitive collections. 



This contradicts the assumption. On the other hand, by Theorem |6.6| , the psudo- 
symmetric toric Fano 3-folds are 

X X P\ pi X and P^ X V"^. 



By Definition 6.4 and Theorem 6.7, these are F-equivalent to P . q.e.d. 



8 The classification of nonsingular toric Fano 4-folds 



In this section, we prove Conjecture |6.3| for d = A. As a result, we get a new method for 
the classification of nonsingular toric Fano 4-folds. Using this method for the classification, 
we can get the 124 nonsingular toric Fano 4-folds. 

Theorem 8.1 Any nonsingular toric Fano A-fold other than the A- dimensional del Pezzo 
variety and the A- dimensional pseudo del Pezzo variety is F-equivalent to the 4- 
dimensional projective space P^. Especially, Conjecture |6.3| is true for d = A, and we get 



a new method for the classification of nonsingular toric Fano A-folds. 

We devote the rest of this section to proving Theorem RTTl So let X = T/vemb(S) be 



a nonsingular toric Fano 4-fold and p = p{X) the Picard number of X. 

If p{X) = 2, then S is a splitting fan by Theorem |6.9| , and X is F-equivalent to P^ by 
Corollary |6.13 . 



The following theorem holds for nonsingular projective toric (i-folds for any d whose 
Picard number is three. 

Theorem 8.2 (Batyrev [Q) Let X = T/vemb(S) be a nonsingular projective toric d-fold 
such that the Picard number of X is three. Then one of the following holds. 

(1) is a splitting fan. 
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(2) #PC(S) = 5. 

Moreover, in the case of {2), there exists {po,Pi,P2,P3,P4) G (Z>o)^ such that the 
primitive relation ofH are 

f 1 H VVpQ + yi^ ^ypi = C2Z2 H h Cp^Zp^ + (61 + l)ti H h (6p3 + l)tp3, 

2/1 H h z/pi + 2:1 H h 2;p2 = H ^ ^*P45 ^1 H V Zp^+ti^ h tpg = 0, 

ti H h tp3 + Ml H h Mp4 = 2/1 H h 2/pi and 

Ml H h Up4 + Ml H h Mpo = C22;2 H h Cp2Zp2 + hiti H h ^pa^ps, 

where 

G(S) = {mi, . . . , Mpg, . . . , ?/p^, 2:1, ... , Zp^, ti, . . . , tp3, Ml, ■ ■ ■ , Mp^}, 

and C2, . . . , Cp2, 61, . . . , 6p3 G Z>o- 

For a nonsingular toric Fano variety of any dimension d, the following proposition 
holds. 



Proposition 8.3 In Theorem |8.2| , if X is a nonsingular toric Fano d-fold, and pi = 1 or 
P4 = 1, then X can be equivariantly blown-down to a nonsingular toric Fano d-fold. 



Proof. We prove Proposition 8^ in the case of pi = 1. We can prove the case of 
P4 = 1 similarly. 

By assumption, we have the primitive relation of S, 

ti-{ h tp3 + Ml H h Mp4 = ?/i. 

The primitive collections which have a common elements with {ti, . . . , tp^, mi, . . . , Mp^} are 
{zi, . . . , Zp^,ti, . . . ,tp^} and {mi, ■ ■ ■ , Mp^, mi, . . . , Vp^}. 



Since {zi, . . . , Zp^^^Ui} ^^cl {mi, . . . , Mp^, ?/i} are in PC(S), by Theorem [4.10| , X can be 
equivariantly blown-down to a toric variety X'. X' is obviously a nonsingular toric Fano 
variety by Proposition Ol. q.e.d. 



Let p = 3. Since #G(S) = 7, we get {po,Pi,P2,P3,P4) = (1, 1, 1, 1,3), (1, 1, 1,2,2) or 
their permutations. By Proposition |873|, if {po,Pi,P2,P3,P4) 7^ (1?2, 1,1,2), then X can 
be equivariantly blown-down to a nonsingular toric Fano 4-fold. Let {po,Pi,P2,P3,P4) = 
(1, 2, 1, 1, 2). Then the primitive relations of S are 

Vl + yi + y2 = {hi + l)tl, 2/1 + 2/2 + 2:1 = Ml + M2, Zi+ti = 0, 

^1 + Ml + M2 = 2/1 + 2/2 and Mi + M2 + f 1 = &iti, 
where 61 = or 1. If 61 = 0, then X can be equivariantly blown-down to a nonsingular 



toric Fano 4-fold with respect to mi + 2/1 + 2/2 = ti by Theorem [4.10| and Proposition ^ 



On the other hand, if 61 = 1, we can show easily that X is F-equivalent to P'^ (see Gi in 
the table of Section ^. 

Next we consider the case of p > 4. We need the following proposition. 
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Proposition 8.4 Let X = T/vemb(S) be a nonsingular toric Fano 4-fold and p{X) > 3. 
Then there exists a primitive collection P in PC(S) such that = 2. 



To prove Proposition 8.4, we liave to prove the following three lemmas. 



Lemma 8.5 Let X = Tjvemb(E) be a nonsingular toric Fano A-fold and p{X) > 3. // 
there does not exist a primitive collection P in PC(S) such that #P = 2, then there does 
not exist a primitive collection P in PC(S) such that ^P = 4. 

Proof. Suppose there exists a primitive collection P = {xi,X2,X3,Xi} in PC(S). 
Then the open set 

\ (Cone ({x2, X3, X4}) U Cone ({xi, X3, X4}) U Cone ({xi, X2, x^}) U Cone ({xi, X2, 2:3})) 

has two connected components. Therefore, since there are two other elements by the 
assumption p{X) > 3, there exists a primitive relation P' in PC(ZI) such that = 2. 
This contradicts the assumption. q.e.d. 

Lemma 8.6 Let X = T/vemb(S) be a nonsingular toric Fano A-fold and p{X) > 3. // 
there does not exist a primitive collection P in PC(S) such that #P = 2, then there does 
not exist a primitive relation of S of the form 

xi + X2 + X3 = ax4 (a = 1, 2). 

Proof. Suppose there exists a primitive collection P in PC(S) whose primitive 
relation is xi + X2 + X3 = ax 4, (a = 1,2). If r(P) is contained in an extremal ray of 
NE(X), then there exist -21,-2:2 ^ G(S) \ {xi, X2, X3, X4} such that {xj, x-,-, X4, 2^} generate 
4-dimensional strongly convex rational polyhedral cones in E for l<i<j<3, 1 < k <2. 
Since # G(S) = p + 4 > 7, there exists w G G(S) \ {xi, X2, X3, X4, -Zi, -22}, and {X4, w} is a 
primitive collection of S. This contradicts the assumption. So because degP = 1, there 
does not exists a primitive relation xi + X2 + X3 = 2x4. On the other hand, the primitive 
relation xi + X2 + X3 = X4 is represented as the sum of two primitive relations of degree 



one. By Lemma B.5 and assumption, for any primitive collection P' such that degP' = 1, 



its primitive relation is yi + i/2 + 1/3 = Z/4 + 1/5- Therefore, there exist two primitive relations 

ti + t2 + xi = X4 + s and s + X2 + X3 = ti + t2 

such that 

{^1,^2,3:4, s}, {ti,xi,X4, s}, {t2,a;i,X4,s}, {s, X2, ti, ^2}, {s, X3, ti, ^2} and {x2, X3, ti, ^2} 

generate 4-dimensional strongly convex rational polyhedral cones in S, respectively. This is 
a contradiction because there exist three 4-dimensional strongly convex rational polyhedral 
cones generated by {ti, ^2, 3^4, s}, {s, X2,ti,t2} and {s, X3, ti, ^2}, and they contain the 3- 
dimensional strongly convex rational polyhedral cone generated by {^1,^2,-3}. q.e.d. 
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Lemma 8.7 Let X = T7vemb(S) be a nonsingular toric Fano 4-fold and p{X) > 3. // 
there does not exist a primitive collection P in PC(S) such that = 2, then there exists 
a primitive collection P' = {xi, X2, x^} in PC(S) such that xi + X2 + x^ ^ 0. 

Proof. Suppose xi + X2 + x^ = for any primitive collection P' = {xi,X2,X3} 
in PC(S). By Lemmas ^.5| and |8]^ and assumption, for any primitive collection P in 
PC(S), we have #P = 3. If E is a splitting fan, then X is isomorphic to x P^, and 
p{X) = 2. So there exist two primitive collections Pi, P2 in PC(S) such that Pi fl P2 = 0- 
If Pi = {xi, X2, X3} and P2 = {xi, X4, X5}, namely #(Pi fl P2) = 1, then we have X2+X3 = 
X4 + 0:5, and {x2,X3} or {xi,X5} in PC(S). This contradicts the assumption. The case 
Pi = {xi,X2,X3} and P2 = {xi, X2, X4}, namely #(Pi fl P2) = 2, is impossible, because 
X3 = X4. q.e.d. 



Proof of Proposition R^. By Lemmas |8.6| and |8.7|, there exists a primitive collection 



P in PC(S) whose primitive relation is xi + X2 + X3 = x^ + X5. Since deg P = 1, we have 
three 4-dimensional strongly convex rational polyhedral cones generated by {xj, Xj, X4, x^} 
where I < i < j < 3. There exist yi and 7/2 in G(S) \ {xi, X2, X3, X4, x^} by the assumption 
p > 3, and we have {x4,X5,?/i} and {x4,X5,?/2} in PC(E). If yi + X4 + x^ = 0, then 
y2 + X4 + xtj 7^ 0. Therefore y2 + + x^ = xi + X2 up to change of indices. This is a 
contradiction because we have X3+1/2 = and {x^,, 1/2} is in PC(S). The case 1/1+X4+X5 7^ 
is similar. q.e.d. 

Let p > 4. Then there exists a primitive collection of S whose cardinality is two by 
Proposition ^.4|. We divide the proof of Theorem for p > 4 into two cases. 



(1) "There exists a primitive relation of S, xi + X2 = x where xi, X2, x G G(S)." 

Let if : X X' he the equivariant blow-down with respect to Xi + X2 = x. If X' is 
not a nonsingular toric Fano 4-fold, then by Proposition |5.1| and Example ^.2| , there exist 
one of the following primitive relations of S. 

1/1 + 1/2 + 2/3 = 2x, yi + y2 + y3 = x + Xi and yi + y2 = x, 

where 2/1,2/2,2/3 in G(S). 

(LI) "?/i + 2/2 + 2/3 = 2x or ?/i + ?/2 + 2/3 = 3; + xi." Since the degree is one, we have six 
4-dimensional strongly convex rational polyhedral cones generated by {xj, x, yj, yk} where 
l<i<2, l<j<fc<3. There exist zi and Z2 in G(S) \ {xi, X2, x, ?/i, 1/2, 2/3}, because 
7^G(S) = p + 4 > 8, and we have {x, 2:1} and {x,Z2} in PC(S). Therefore we get a 
primitive relation of S of the form 

X + Zi=W (W e {xi,X2,2/l,2/2,2/3}) 

up to change of indices. Let : X —>■ X" be the equivariant blow-down with respect to 
X + Zi = w. 
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(1.1.1) "ly 7^ xi or yi + y2 + y3 = 2x is a primitive relation of S." Then X" is obviously 
a nonsingular toric Fano 4-fold. 

(1.1.2) "t(7 = xi and yi + y2 + y3 = x + Xi is a primitive relation of S." In this case, X" 



is not a nonsingular toric Fano 4- fold by Proposition |5.1| and Example f).2\ Since p > 4, 
there exists t G G(S) \ {xi, X2, x, ?/2, 1/3, -Zi}- So we get one of the following primitive 
relations of S, 

t + xi = yi, t + xi = X2 and t + Xi = zi, 

up to change of indices. Let ip' : X —>■ X'" be the equivariant blow-down with respect to 
this primitive relation. Then X'" is obviously a nonsingular toric Fano 4-fold. 

(1.2) "t/i + y2 = x" Since the degree is one, there exist two elements zi and Z2 
in G(S) \ {xi, X2, X, yi, 1/2}, and we have eight 4-dimensional strongly convex rational 
polyhedral cones generated by {xi,x,yj, z^.} where 1 < i,j,k < 2. There exist w in 
G(S) \ {xi, X2, X, yi, y2, zi, Z2}, because # G(S) = p + 4 > 8, and P = {x, ty} is a primitive 
collection of S. 

(1.2.1) "The primitive relation of P is x + w = t where t in {zi, Z2}." Let ip : X X" 
be the equivariant blow-down with respect to x+w = t. Then X" is obviously a nonsingular 
toric Fano 4-fold. 

(1.2.2) "The primitive relation of P is x + w = t where t in {xi, X2, yi, ?/2}-" Let 
(f : X X" be the equivariant blow-down with respect to x + w = t. If X" is not a 
nonsingular toric Fano 4-fold, then we obviously have a primitive relation zi + Z2 = t 
by Proposition |5.1| . We may let t = X2 without loss of generality. Then we have four 
4-dimensional strongly convex rational polyhedral cones generated by {x2, yi, yj, w} where 
1 < ^5 j < 2. {xi, X, yi, Zi} is a Z-basis of A^, and using this basis, we have 

X2 = — xi + X, y2 = X — yi, Z2 = — xi + x — zi and w = — xi. 

Since the coefficient of x in none of these relation is negative, there exist u in G(S) \ 
{xi, X2, X, yi, y2, zi, Z2, w} by the completeness of S, and we have two primitive collections 
{x, u} and {x2, u} in PC(S). Therefore, we have a primitive relation, x+u = s or X2+U = s 
where s is in {xi,yi,y2, Zi, Z2,w}. Let : X — > X" be the equivariant blow-down with 
respect to x + u = s. Then X" is obviously a nonsingular toric Fano 4-fold. The case of 
the blow-down with respect to X2 + m = s is similar. 

(1.2.3) "The primitive relation of P is x + w = 0." If p > 5, then there exist v in 
G(S) \ {xi, X2, X, yi, y2, zi, Z2, w, v}, and we have the primitive relation x + f 7^ 0. In this 
case, we can use the same method as in (1.2.1) or (1.2.2). 

So let p = 4 and G(S) = {xi, X2, x, yi, y2, zi, Z2, w}. Then either {zi, Z2} or {x, zi, Z2} 
is a primitive collection of S. 

(1.2.3.1) "2:1 + Z2 = is a primitive relation of S." X is obviously a nonsingular toric 
Fano 4-fold in this case. The primitive relations of S are 

xi + X2 = X, yi + y2 = X, X + w = and zi + Z2 = 0. 
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S is a splitting fan, and X is F-equivalent to by Theorems and |6.12 



(1.2.3.2) "2:1 +2:2 = X is a primitive relation of E." X is obviously a nonsingular toric 
Fano 4-fold in this case. The primitive relations of S are 

xi + X2 = X, yi + 1/2 = X, X + w = and zi + Z2 = x. 



E is a splitting fan, and X is F-equivalent to by Theorems and |6.12 . 



(1.2.3.3) "zi + Z2 = t is a primitive relation of E, where t in {xi,X2,yi,y2,'w}." Let 
: X X" be the equivariant blow-down with respect to Zi + Z2 = t. Then X" is 



obviously a nonsingular toric Fano 4-fold by Proposition ^?T] and Example 

(1.2.3.4) "2:1 + 2:2 + X = is a primitive relation of E." This is impossible, because 
Zi + Z2 = —X = w, and {zi, Z2} is a primitive collection of E. 

(1.2.3.5) "2:1 + 2:2 + X = axi is a primitive relation of E, where a = 1 or 2." Since 
axi + w = zi + Z2, {t, w} is a primitive collection of E. There exists u in {x2, yi, y2, Zi, Z2} 
such that the primitive relation of {xi,w} is xi + w = u, because x + w = 0. Since 
xi — X — M = 0, we have u = X2- Because otherwise, {xi,x,u} is a part of a Z-basis of 
N. However, this contradicts the fact Xi -|- X2 = x. We can replace Xi by X2, yi or y2, and 
repeat the same argument. 

(1.2.3.6) "2:1 + 2:2 + X = aw is a primitive relation of E, where a = 1 or 2." We have 
Zi + Z2 = aw — X = (a + l)w. This is a contradiction. 

(1.2.3.7) "zi + 2:2 + X = Xj + T/j is a primitive relation of E, where 1 < i,j < 2." X is 
obviously a nonsingular toric Fano 4-fold. We can show easily that X is F-equivalent to 
P^ (See M2 in the table of Section ||). 

(2) "There does not exist a primitive collection P = {xi, X2} in PC(E) whose primitive 
relation is xi + X2 7^ 0." 

We need the following lemma. This lemma can be proved in the same way as Lemmas 



8.5 and B.6 



Lemma 8.8 Let X = T/vemb(E) be a nonsingular toric Fano A-fold and p{X) > 4. // 
there does not exist a primitive collection P = {xi,X2} in PC(E) whose primitive relation 
is Xi + X2 7^ 0, then the following hold. 

(1) There does not exist a primitive collection P in PC(E) such that jj^P = 4. 

(2) There does not exist a primitive relation of E of the form 

a^i + X2 + X3 = 0x4 (a = 1,2). 

Since p > 4, there exists a primitive collection P = {xi,X2} in PC(E) whose primitive 



relation is Xi + X2 = 0, by Proposition |8.4| . We fix this P. 

(2.1) ^^r{P) is contained in an extremal ray of NE(X)." By toric Mori theory, there 
exists a nonsingular projective toric 3-fold Y = Tjvemb(E*) such that X is an equivariant 
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P^-bundle over Y, G(S*) C G(S) and if P* is a primitive collection of S*, then P* 
is also a primitive collection of S. Let 7^ G(S*) = n and no the number of the primitive 
collections of E* whose cardinality is two. Then the /-vector of the 3-dimensional simplicial 
convex polytope corresponding to S* is (n, n{n — l)/2 — uq, f2)- By the Dehn-Sommerville 
equalities (see Oda |T^), we have riQ = [n — 3)(?2 — 4)/2. So by assumption, we have 



^0 = — 3)(n — 4)/2 < n/2. Since p > 4, we have = 6, and the primitive relations of 
S are 

xi + X2 = 0, 0:3 + X4 = 0, X5 + xg = and X7 + xs = 0. 
XisP^xP^xP^xP^ and F-equivalent to P^ by Theorem pr7[ 



(2.2) ^^r{P) is not contained in an extremal ray of NE(X)." By Lemma there 
exist two primitive relations of S of the form 

xi + yi + y2 = zi + Z2 and X2 + zi + Z2 = yi+ y2, 

with yi,y2, zi, Z2 in G(S). We have five 4-dimensional strongly convex rational polyhedral 
cones of S generated by 

{xi, 7/1,^1, 2:2}, {xi, 7/2,^1,^2}, {1/1, 2/2,^1,^2}, {x2, 1/1, 1/2,^1} and {x2,?/i,?/i, 2:2}- 

By the assumption p > 4, there exists w in G(S) \ {xi, X2, yi, ?/25 -^i, -22} such that either 
{2:1,^2,^} or {2:1,^2,'?^} is a primitive collection of S, because there exists at most one 
primitive collection among {zi,w}, {z2,w}, {yi,w} and {yi,w}, and the others generate 
2-dimensional strongly convex rational polyhedral cones of S. If w + zi + Z2 = is a. 
primitive relation, then we have yi + y2 + 'UJ = X2. So by assumption, {yi, y2}, {yi, w} and 
{y2,w} are not primitive collections. Therefore, {yi,y2,'w} is a primitive collection of S. 
This contradicts Lemma p.8| . 

By the above discussion, we have the primitive relations w + zi + Z2 = ti + t2 and 
w + yi + y2 = Si + S2, where the possibilities for {ti,t2} are {xi,yi} and {xi,y2}, while 
the possibilities for {^1,52} are {x2, Zi} and {x2, -22}. So we have 4 < p < 6. 

(2.2.1) "p = 4" X is obviously a nonsingular toric Fano 4-fold. We can show easily 
that X is F-equivalent to P^ (See Mi in the table of Section ^. 

(2.2.2) "p = 5" X is the 4-dimensional pseudo del Pezzo variety. Moreover, X is not 
F-equivalent to P^ (See (117) in the table of Section The primitive relations of S are 



Xo 



+ X4 = 0, xi+ X5 = 0, X2 + xg = 0, X3 + xj = 0, 



Xo-FXi + X2 = X7 + X8, Xo-FXi + X3 = Xq+Xs, Xo + X2-FX3 = X5 + X8, X1+X2 + X3 = X4 + X8, 
X4 + X5 + X8 = X2+X3, X4 + X6 + X8 = X1+X3, X4 + X7 + X8 = X1+X2, X5 + X6 + X8 = X0 + X3, 
X5 + Xj + Xs = Xo + X2, X6 + X7 + X8 = Xo + Xi, 

where G(S) = {xq, xi, X2, X3, X4, X5, xe, X7, X8}. 
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(2.2.3) "p = 6" X is the 4-dimensional del Pezzo variety. Moreover, X is not F- 
equivalent to (See (118) in the table of Section The primitive relations of E are 

Xo+ X4 = 0, Xi+ X5 = 0, X2 + Xe = 0, Xs + Xt = 0, X8 + Xg = 0, 

X0 + X1+X2 = X7 + X8, X0 + X1+X3 = Xq + Xs, X0+X2+X3 = X5+X8, X1+X2 + X3 = X4+X8, 

a^O + a^l + a^g = Xq + Xj, Xo + X2 + Xq = X^+Xr, Xo+Xs + Xg = X^+Xq, Xi+X2 + Xg = Xi + Xj, 

Xi+X3 + Xg = X4 + X6, X2 + X3 + X9 = X4 + X5, X4 + X5 + X6 = X3 + X9, X4 + X5 + X7 = X2 + Xg, 

X4, + Xe + X7 = X1+X9, X^ + Xq + Xj = Xo + Xg, X4 + X5 + X8 = X2 + X3, X^ + Xq + Xs = X1 + X3, 

X4 + X7 + XS = X1+X2, X5 + X6 + X8 = X0 + X3, X5 + X7 + X8 = X0 + X2, Xe + xj + xs = xo + xi, 

where G(S) = {xo,Xi,X2,X3,X4,X5,X6,XT,X8,Xg}. 

9 Equi variant blow-up relations among nonsingular 
toric Fano 4-folds 

In this section, we give all the equivariant blow-up relations among nonsingular toric 
Fano 4-folds using the results of Sections ||, H, H and In Table 1, we use the same 
notation as in Batyrev j^, and i-blow-up means the equivariant blow-up along a T^- 
invariant irreducible closed subvariety of codimension i. 



Table 1: equivariant blow-up relations among nonsingular toric Fano 4-folds 





equivariant blow-up 


notation 


(1) 


none 


p4 


(2) 


none 


Bi 


(3) 


none 


B2 


(4) 


4-blow-up of P"^ 


Bs 


(5) 


none 


B, 


(6) 


2-blow-up of P"^ 


B, 


(7) 


none 


Ci 


(8) 


3-blow-up of P"^ 


C2 


(9) 


none 


C3 


(10) 


none 


C4 


(11) 


2-blow-up of Bi, B2 


El 


(12) 


2-blow-up of B21 B3 


E2 


(13) 


2-blow-up of -B3, i?4, 4-blow-up of B^ 


E3 
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(14) 


none 


Di 


(15) 


2-blow-up of Ci 


D2 


(16) 


none 


Ds 


(17) 


2-blow-up of B2 


D4 


(18) 


none 




(19) 


2-blow-up of C3 


D, 


(20) 


none 


D7 


(21) 


2-blow-up of C2, 3-blow-up of B3 


Ds 


(22) 


none 


Dg 


(23) 


2-blow-up of -B5, 3-blow-up of B^ 


Dio 


(24) 


2-blow-up of i?5, C2 


Du 


(25) 


3-blow-up of B4 


Du 


(26) 


none 


Dn 


(27) 


2-blow-up of B4 


Du 


(28) 


2-blow-up of C4 


Di, 


(29) 


2-blow-up of C3 


Ae 


(30) 


2-l)low-up of Br, 


D,r 


(31) 


2-blow-up of Ci 


Dis 


(32) 


2-blow-up of C2, 3-blow-up of B^ 


Dig 


(33) 


none 




(34) 


2-blow-up of C2, 3-blow-up of Ci 


G2 


(35) 


3-blow-up of C3 




(36) 


2-blow-up of C2, 3-blow-up of C3 




(37) 


2-blow-up of C3, 3-blow-up of C4 


G, 


(38) 


2-blow-up of C4 


Ge 


(39) 


2-blow-up of D2 


Hi 


(40) 


2-blow-up of D3 


H2 


(41) 


2-blow-up of Di, D5 


H3 


(42) 


2-blow-up of Ds, Dg 


H4 


(43) 


2-blow-up of Dq, D12, DiQ 


H, 


(44) 


2-blow-up of Ds, Dg 


He 


(45) 


2-blow-up of D2, -D5, -D18 


H7 


(46) 


2-blow-up of Di3, Di5 


Hs 


(47) 


2-blow-up of Ds, D12, Dig, 3-blow-up of E3 


Hg 


(48) 


2-blow-up of Dg, DiQ 


Hio 


(49) 


none 


Li 


(50) 


2-blow-up of Dy 


L2 


(51) 


2-l)l(nv-ui) of D{, 


La 


(52) 


2-blow-up of Ds, DiQ, Dii 


La 
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(53) 


none 


L5 


(54) 


2-blow-up of Di2, -Di4 




(55) 


2-blow-up of 


L7 


(56) 


none 


Ls 


(57) 


2-blow-up of Di3 


Lg 


(58) 


2-blow-up of Dio, -Di7 


Lio 


(59) 


2-blow-up of Di4 


Lu 


(60) 


2-blow-up of Dii, Dir, Dig 


L12 


(61) 


2-blow-up of D-j 


Ll3 


(62) 


2-blow-up of D4 


h 


(63) 


2-blow-up of Di, Dq 


h 


(64) 


2-blow-up of D^, Ds 


h 


(65) 


2-blow-up of DiQ 


h 


(66) 


2-blow-up of E2, -D4, DiQ 


h 


(67) 


2-blow-up of DiQ, 3- blow- up of Du 


h 


(68) 


2-blow-up of D5, D12 


I7 


(69) 


2-l)low-up of Dh- -Dili- Gi 


I, 


(70) 


2-blow-up of Di4, 3- blow- up of D-^ 


h 


(71) 


2-blow-up of Dq, Di5, G5 


ho 


(72) 


2-blow-up of Dg, D12 


hi 


(73) 


2-blow-up of Di5, Dig, Gg, 3-blow-up of Du 


h2 


(74) 


2-blow-up of -D13, 3-blow-up of D14 


hz 


(75) 


2-blow-up of £"3, Z^io, -D14, 3-blow-up of Dn 


hA 


(76) 


2-blow-up of D18, -D19, G2 




(77) 


none 


Ml 


(78) 


none 


M2 


(79) 


2-blow-up of G3, Gs 


Ms 


(80) 


2-blow-up of Ga 


M4 


(81) 


2-blow-up of G4, Gq 


M5 


(82) 


2-blow-up of Gi, G3 


Ji 


(83) 


2-blow-up of G3, 3-blow-up of G5 


J2 


(84) 


2-blow-up of L2 


Qi 


(85) 


2-blow-up of L4 


Q2 


(86) 


2-blow-up of Li, L5 


Qs 


(87) 


2-blow-up of L3 


Q4 


(88) 


2-blow-up of i^s, L3, Lg 


Q5 


(89) 


2-blow-up of Lq 


Qg 


(90) 


2-l)l(nv-ui) of L- 


Qr 


(91) 


2- blow-up of L5, Lg 


Qs 
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(92) 


2-blow-up of L3, L7, Jio 


Q9 


(93) 


2-blow-up of Hg, L7, Lq 


Qio 


(94) 


2-blow-up of Lg, Lg 


Qu 


(95) 


2-blow-up of Lio, L12, h 


Q12 


(96) 


2-blow-up of L2, L5, Li3 


Qn 


(97) 


2-blow-up of ifg, L4, Lg, L12, hi 


Qu 


(98) 


2-blow-up of Le, Lg, Ln, /13 


Q15 


(99) 


2-blow-up of Lii, Li3, Jg 


Qw 


(100) 


2-blow-up of L7, L12, /12 


Ql7 


(101) 


2-blow-up of i^i, i?3, i/7 




(102) 


2-blow-up of H2, Hq, Hio 


K2 


(103) 


2-blow-up of if4, H^, Hg 


Ks 


(104) 


2-blow-up of 


K, 


(105) 


2-blow-up of M3 


Ri 


(106) 


2-blow-up of M2, M4 


R2 


(107) 


2-blow-up of Ml, M4 


Rs 


(108) 


2-blow-up of 111, /i3 




(109) 


2-blow-up of Qi, Q3, Qi3 


Ui 


(110) 


2-blow-up of Q2, Q5, QiA, K3 


U2 


(111) 


2-blow-up of Qi, Qg 


U3 


(112) 


2-blow-up of Qio, K4 




(113) 


2-blow-up of Qu 


u. 


(114) 


2-blow-up of Qq, Qs, Qi5 




(115) 


2-blow-up of Qt, Q12, Qi7 




(116) 


2-blow-up of QiQ 


Us 


(117) 


none (See Definition 6.4 


and Remark ^ 






(118) 


none (See Definition |6.4 


and Remark ^ 






(119) 


2-blow-up oi QiQ, Qii 


S2 X ^2 


(120) 


2-blow-up oi Ui, t/5, 5*2 X ^2 


^2 X ^3 


(121) 


2-blow-up of S2 X 5*3 


53X^3 


(122) 


2-blow-up of Gq 


Zi 


(123) 


2-blow-up of Gi 


Z2 


(124) 


2-blow-up of Zi (See Example |4^) 


W 



References 

[1] D. Abramovich, K. Matsuki and S. Rashid, A note on the factorization theorem of 
toric birational maps after Morelli and its toroidal extension, to appear in Tohoku 
Math. J. 



34 



V. V. Batyrev, Boundedness of the degree of higher- dimensional toric Fano varieties, 
Moscow Univ. Math. Bull. 37 (1982), 28-33. 

V. V. Batyrev, Dual polyhedra and mirror symmetry for Calabi-Yau hypersurfaces 
in toric varieties, J. Algebraic Geom. 3 (1994), 493-535. 

V. V. Batyrev, On the classification of smooth projective toric varieties, Tohoku Math. 
J. 43 (1991), 569-585. 



V. V. Batyrev, On the classification of toric Fano 4-folds, [math. AG / 9801 1Q7| . 



G. Ewald, On the classification of toric Fano varieties. Discrete Comput. Geom. 3 
(1988), 49-54. 

W. Fulton, Introduction to Toric Varieties, Ann. of Math. Studies 131, Princeton 
Univ. Press, 1993. 

P. Kleinschmidt , A classification of toric varieties with few generators, Aequationes 
Math. 35 (1988), 254-266. 

R. Koelman, The number of moduli of families of curves on toric surfaces. Thesis, 
Univ. Nijmegen, 1991. 

M. Kreuzer and H. Skarke, On the classification of reflexive polyhedra. Comm. Math. 
Phys. 185 (1997), no. 2, 495-508. 

M. Kreuzer and H. Skarke, Classification of reflexive polyhedra in three dimensions. 
Adv. Theor. Math. Phys. 2 (1998), no. 4, 853-871. 

R. Morelli, The birational geometry of toric varieties, J. Algebraic Geom. 5 (1996), 
751-782. 

T. Oda, Convex Bodies and Algebraic Geometry — An introduction to the theory of 
toric varieties, Ergeb. Math. Grenzgeb. (3), Vol. 15, Springer- Verlag, Berlin, Heidel- 
berg, New York, London, Paris, Tokyo, 1988. 

T. Oda, Lectures on TorusEmbeddings and Applications (Based on Joint Work with 
Katsuya Miyake), Tata Inst. Fund. Res. Lectures on Math, and Phys. 58, Springer, 
Berlin, Heidelberg, New York, 1978. 

T. Oda and H. S. Park, Linear Gale transforms and Gel'fand-Kapranov-Zelevinsky 
decompositions, Tohoku Math. J. 43 (1991), 375-399. 

M. Reid, Decomposition of toric morphisms, in Arithmetic and Geometry, papers 
dedicated to I. R. Shafarevich on the occasion of his 60th birthday (M. Artin and 
J. Tate, eds.), vol. II, Geometry, Progress in Math. 36, Birkhauser, Boston, Basel, 
Stuttgart, 1983, 395-418. 



35 



[17] V. E. Voskresenskij and A. A. Klyachko, Toroidal Fano varieties and root systems, 
Math. USSR-Izv. 24 (1985), 221-244. 

[18] K. Watanabe and M. Watanabe, The classification of Fano 3-folds with torus embed- 
dings, Tokyo J. Math. 5 (1982), 37-48. 

[19] J. Wlodarczyk, Decomposition of birational toric maps in blow-ups and blow-downs. 
Trans. Amer. Math. Soc. 349 (1997), 373-411. 



Mathematical Institute 
ToHOKU University 
Sendai 980-8578 
Japan 

E-mail address: 96ml6@math.tohoku.ac.jp 



36 



